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A conjecture concerning linear forms in the logarithms of algebraic numbers 
is made. It is shown that this conjecture allows an effective determination of 
all imaginary quadratic fields of class number 2. 
1. INTRODUCTION 
In 1966, Stark [ll] succeeded in completely determining the imaginary 
quadratic fields of class number 1. Since then, many other proofs of 
Stark’s theorem have been given [l-14]. Despite the plethora of techniques 
available to prove Stark’s theorem, none seems directly applicable to the 
problem of determining all imaginary quadratic fields having a given 
class number h > 1. In particular, it has not been possible to treat the case 
h = 2. Partial results about the class number 2 problem have been proved 
by Baker [3], Weinberger [15], and Moreno [9], but none have been 
able to derive the full analog of Stark’s theorem. In the present paper, 
we make a conjecture concerning linear forms in the logarithms of 
algebraic numbers. This conjecture is a generalization of some known 
results of Feldman [7] and Baker [2]. It is shown that the conjecture 
allows an effective determination of the imaginary quadratic fields of 
class number 2. 
2. A CONJECTURE 
Let n > 2, and let 01~ ,..., (II, be nonzero algebraic numbers. Let 
Ai(l < i < n) denote the height of 01~ , d the degree of Q(cx~ ,..., a,), 
6 > 0, E > 0, H > 0. 
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Throughout this section, let us assume: 
I. log 011 ,..., log c& are linearly independent over Q, where all 
logarithms are taken with respect to the principal branch. 
II. There exist rational integers b, ,..., b, such that 
and such that 
O<jb,logol,+...+b,logol,I <e+K 
CONJECTURE There exists an effectively computable constant1 C, 
depending only on n, 6, d, and E such that 
H < C logl+c A, 
where A = max(A, ,..., A, ,4). 
Remarks. (1) The conjecture is a strengthening of Baker’s theorem [2] 
in which the exponent 1 + E is replaced by (2n + 1)2 and 
C = (4n2~-ld2n)(2n+1)2. 
(2) It is possible to give examples to show that the exponent of 
log A can be no smaller than 1. Thus, the conjecture is, in some sense, 
a best possible result of Baker type, with respect to dependence on A. 
(3) We will require the conjecture only in case n = 4. 
3. A GENERALIZATION OF STARK'S FORMULA 
Let K = Q( z/;ij be an imaginary quadratic field of discriminant d and 
class number h. Suppose that 
d = bc (1) 
is a decomposition of d into (relatively prime) discriminants of quadratic 
fields. If p is a K-prime, let A,,(p) denote the nonzero value of the Kronecker 
symbols 
(+A. ($7,. 
In case both Kronecker symbols are nonzero, their values are equal, so 
that &(v) is well defined. Extend &, by multiplicativity to all K-ideals. 
1 It is understood that C is a continuous function of the parameters listed. 
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The resulting function is a character of the ideal group Ik of K. Such a 
character is called a genus character. If d is divisible by t distinct primes, 
then there are 2+l genus characters. It is well known that if 01 E KX, then 
where (a) denotes the principal K-ideal generated by 01. Therefore, hb 
induces a character &, of the absolute ideal class group C, of K. All 
the characters &, are distinct. 
The principal genus PO of K is the set of all ideal classes C of K such that 
X,(C) = 1 
for all characters Aa . The cosets belonging to &/PO are called the genera 
of K. By duality theory of finite abelian groups, it is clear that there are 
2t-1 genera. 
If ‘3 is a K-ideal, let @ denote its absolute ideal class. Then the following 
result is clear: 
PROFQSITION 3.1. Let 5.8 be a K-ideal. Then 
c* A,(%) = 2t-1 if Fl belongs to the principal genus, 
bid 
= 0 otherwise, 
where Cr,, denotes a summation over all decomposition of d of the form (1). 
COROLLARY 3.2. Suppose that every genus of K consists of precisely 
one class. Then 
c* h,(a) = zt-’ if% is principal, 
bid 
= 0, otherwise. 
Proof. P,, consists of just the principal class. 1 
Let k be the discriminant of a real quadratic field, (k, d) = 1. If $8 is a 
K-ideal, set 
lb(a) = hb(a) (&)- (2) 
Then &, is an abelian character of K having conductor kDK , where DK is 
the ring of integers of K. The abelian L-series associated to & is defined by 
‘% tb) = c <b(a) jvQ-’ (I%) > 11, 
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where the summation runs over all integral K-ideals, As usual, L(s, I$,) 
can be analytically continued to an entire function of s. Suppose that f is 
the discriminant of a quadratic field. Set 
Lf(s) = 5 (;) rs (Re(s) > 1). 
n=l 
Then it is easy to see that (for example, see [13, p. 8 I]) 
w, 5b) = Lb(S) bccw 
By Dirichlet’s classical results, 
Jw) = dfl-""Nf), f<O 
= 21fl-"2h(f) log 40, f> 0, 
where h(f) denotes the class number of Q(t’f) and c(f) denotes the 
fundamental unit of Q( dj) cf > 0). Therefore, 
L(1, &,) = 2nk-l I d l-1/2 h(kb) h(kc) log e(kc). (3) 
For Re(s) > 1 we have 
(4) 
by Proposition 2.1. 
Henceforth, let us assume that every genus of K consists of precisely 
one class. Then PO consists only of the principal class. Let (1, w} be an 
integral basis of K and N = NKlo . Then, by (4), we have for Re(s) > 1, 
IdI >4, 
where the prime on the summation indicates that the term (x, y) = (0,O) 
is omitted. 
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By combining Eqs. (3) and (5), we see that 
c * h(kb) h(kc) loge(kc) 
bid 
Finally, using the methods of [l 1, 31, the limit on the right may be expanded 
into a series to get 
THEOREM 3.3. Suppose that K has one class per genus and that 1 d 1 > 4. 
Then 
I* h(kb) h(kc) log E&C) = $ nkh I d Ill2 n (1 - P-~) + A, 
bid plk 
where 
+fA veniu(w+c3)/k, 
0=--m 
V#O 
(7) 
A, = -1ogp if k is a power of the prime p, 
= 0 otherwise, 
A, = ,-+d\/;il/Zk 
(Q =+ O)- 
11>0 
The result of Theorem 2.2 is a generalization of the formula used by 
Stark in the class number 1 case. 
4. CONSTRUCTION OF A LINEAR FORM IN THE LOGARITHMS 
OF ALGEBRAIC NUMEWRS 
The main result of this section is to construct a linear form in the 
logarithms of algebraic numbers. This linear form will be derived from 
Theorem 3.3, and it is to this linear form that the Conjecture will be 
applied. We assume throughout Paragraph 4 that K has one class per genus. 
It is easy to verify [3, p. 1011 that 
I i &e Zddo+O)/k Q 2ke-mId\l;Tl/ak(l - e-nI’J%lPk)-~. (8) *P--m 
W#O 
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Let us assume that k is square free and divisible by at least two distinct 
primes. Then, from Theorem 3.3 and (8), we have 
/ 12k2 y h(kb) h(kc) log E(kc) - ?rhk 1 d [lj2 5 (1 - p-“) 1 
< 24k~e-~I~~IP(l - e-nld/a1/2k)-2. (9) 
Henceforth, let us assume that 
/dl>( 4k log(96)P 2 rr ). 
Then e-Wldzi/2k < l/2, so that by (9) 
1 12k2 C* h(kb) h(kc) log E(kc) - ?rhk 1 d Ill2 n (p2 - 1) 1 < 96kse-“I~/al/2*. 
ala f)lk 
(11) 
Let k, and k, denote distinct values of k, and let k = max{k, , k,}. 
Det%ne 
C(k,) = ki n (p” - 1) 9 ki3 (i = 1, 2). 
W=t 
Then, by (10) and (ll), 
12k,2C(k2) C* h(k,b) h(k,c) log E(k,c) 
bid 
- 12k22C(kI) $* h(k,b) h(k,c) log E(k,c) 1 < e-vl’zl/4k. (12) 
Since K has one class per genus, h = 2t-1. Let (bi , cd) (1 < i < h) 
run through the decompositions of d of the form (l), and define 
CY~ = E(k,ci) (1 < i < h), (13) 
%+h = 4k2ci) (1 G i < h), (14) 
at = 12k12 C(k,) h(k,bi) h(k,cJ (1 < i < h), (15) 
ai+h = - 12k22 C(kJ h(k,&) h(k,cJ (1 < i < h), (16) 
r] = ?r/4k. (17) 
Then, by (12)-(17), we derive 
THEOREM 4.1. Assume that k&i = 1, 2) satisfy the conditions 
(1) 6% 9 4 = 1, 
(2) ki is square free, 
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(3) ki divisible by at least two primes, 
(4) ki is the discriminant of a real quadratic field. 
Further, assume that ] d j > (4k log(96k3)/n}2. Then 
5. THE IMAGINARY QUADRATIC FIELDS OF CLASS NUMBER 2 
The main result of this section is 
TI-IEDREM 5.1. Assume that the Conjecture is true for n = 4. Then there 
exists an eflectively computable constant D such that if K = Q(dd) is an 
imaginary quadratic field of class number 2, then 1 d 1 < D. 
LEMMA 5.2. Zf K has class number 2, then K has one class per genus. 
Proof. Let C be an ideal class of K. Then, by Gauss’s theorem [13, 
p. 911, C is contained in the principal genus o C is the square of some ideal 
class. Thus, since h(d) = 2, the principal genus of K consists only of the 
trivial class. Therefore, every genus K consists of precisely one class. 1 
LEMMA 5.3. Zf K has class number 2, then d is divisible by exactly two 
distinct prime discriminants. 
Proof. Let us suppose that d is divisible by t distinct prime discrimi- 
nants. By Lemma 5.2, h = 2t-1. Therefore, t = 2. 1 
Throughout this section, let 
d=(-p)q,p >O,q>O 
be the decomposition of d into a product of prime discriminants. Our 
object will be to apply Theorem 4.1. In the present situation, 2h = 4 and 
011 = 4% a2 = &z), 
01.9 = +2>, 014 = 4kzh 
(21) 
aI = 12k12C(k3 h(h) WA a2 = 12k12W21 Wlq) h(--kA 
a8 = - 1~22C(kll W2) W24, a4 = - 12k22C(kI) h(keq) h(-k,p). 
(22) 
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LEMMA 5.4. Let notations be as in Section 4 and assume that 
1 d 1 > 13 * 19. Then it is possible to choose kl and k, so that 
(1) Conditions (l)-(4) of Theorem 4.2 are satisfied, 
(2) Ai < 10% (i = 1,3), 
(3) ki < 10’ (i = 1, 3). 
Proof. If 1 d / > 13 - 19, then d cannot be divisible by two of the 
primes 3, 7, 11, 13, 19. We consider four (nondisjoint) cases: 
Case I. 3 1 d: Set kl = 65, k, = 77. Then 
e(k,) = 8 + ~‘6% e(kJ = (9 + V7)/2 
h(k,) = 2 , h(kJ = 1. 
Case II. 7 1 d: Set k, = 57, k, = 33. Then 
e(k,) = I 5 I + 20x67, +k,) = 23 + 4dB 
h(k,) = 1 > h(k,) = 1. 
Case III. 11 1 d: Set k, = 57, kz = 21. Then 
E(kl) = 151 + 20~‘/57, E(kZ) = (5 + 1/2f)/2 
h(k,) = 1 7 h(k,) = 1. 
CaseIF’. (d,3.7.11)= 11:Setk1=33,k,=21.Then 
E(k,) = 23 + 1/B, E(kZ) = (5 + dz)/2 
h(k,) = 1 , h(k,) = 1. 
Note that in all cases kl < lo2 (i = 1,2). It is easy to verify that with 
these choices of ki , conditions (l)-(4) of Theorem 4.2 are satisfied. 
Moreover, in all cases we see that 
l (k2) < c(k,) < 311. (23) 
The height of an algebraic number is, by definition, the maximum of 
the absolute values of the coefficients of its minimal polynomial. Let 
ai’ (1 < i < 4) denote the field conjugate of q . Since cyloli’ = +I 
(1 < i < 4), 0~~ has a minimal polynomial of the form 
x2- (CYi + ai’>x* 1. 
Therefore, the height Ai of oli is max{l, 1 (Y~ + oli’ I}. But 0~~ > 1, since 
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CQ is the fundamental unit of a real quadratic field. Moreover, since 
ai’ = & IX;‘, we see that 0 < I ai’ ( < 1. Therefore, 
Thus, by (23), 
Ai < ai + 1 (1 < i < 4). (24) 
Ai < lo3 (i = 1, 3). 
This completes the proof of Lemma 5.4. 
Henceforth, we will assume that a fixed choice of k, and kz has been 
made so that Lemma 5.4 holds. Then, by combining Lemma 5.4 and 
Theorem 4.1, we have 
PROPOSITION 5-5. Suppose that K has class number 2 and I d / > 10s. 
Then 
/ $ a, log cyj 1 < e-Slqzl. 
In order to apply our conjecture to the linear form in Proposition 5.5, 
it is necessary to estimate Ai (1 < i d 4) and I ai j (1 d i < 4). 
Letf be the discriminant of a quadratic field. Then it is known [lo] that 
W) -==c 1% Ifl- 
Therefore, by Dirichlet’s formulas, 
Thus, 
Thus, by (24), 
h(f) < l.Wz log IfLf < 0 
h(f) log 40 < IfV log If Lf > 0. 
log E(kiq) G Nkiq) log 4kiq) 
< (kiq)l12 log(kiq) (i = 1, 2). 
< 2~1oGlo8w43 (i = 2,4) (25) 
by Lemma 5.4. However, the inequality (25) holds also for i = 1, 3. 
Therefore, we have 
LEMMA 5.6. 
,L& < 2e'0~i10Wl~, (1 < i < 4). 
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In order to estimate ai(l < i < 4), we require the following formula 
of Stark: Let 
F= Rx2fSxY+ TY2 
run through a complete system of inequivalent forms of discriminant d. 
We may suppose, without loss of generality, that all the forms F are 
reduced. Then, it is well known that 
R d I 443 I. (26) 
Let f be the discriminant of a real quadratic field such that (f, d) = 1 
and such thatfis divisible by at least 2 primes. Stark’s formula [3, p. 1001 
asserts that 
+ c i Bv&uSlfR, 
F w--m 
v#O 
(27) 
where 
B, = e-nvld?l/2Rf 1 y-l i (*) elmijvlyf. 
UIY 9 
Y>O 
Moreover, it has been shown by Baker [3, p. 1011 that 
Set f = ki (i = 1,2). Then by (26), 
e-~l~~lPRf f e-nd/s/2w < -98, 
Therefore, by (28), 
1 .g, B,enivSlfR / < 5 x 107 = c1 . 
V#O 
(29) 
Finally, by (27), we see that 
1 h(kid) h(k,) log e(k,) - k mki I zrd 1 (; ($) R-l) n c1 - !‘-‘I 1 G ‘1 
Plks 
(i = 1,2). 
(30) 
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By (ll), we see that 
h(k,d) h(ki) log Qc,) + w&d w--kid log &d 
-&TkiI \/;iIjJ$(l -p-3/ <cc, (i= 1,2). (31) 
Next, note that iffis the discriminant of a real quadratic field, then2 
Thus, by (30) and (32), we see that 
$ h&id) h(k) d F I ti I + cl (i = 1,2) 
* h(k,d) h(k,) < c2 I z/d I (i = 1,2, j d / > 106), 
where c2 = 5 x 104. Therefore, 
ui d $1 &I (i = 1,3, ( d I > 106), 
where c, = 6 x 1016. 
(33) 
Let F0 = &,X2 + S&Y + T,Y2 represent the principal class, and let 
F1 = &X2 + SJY + T,Y2 represent the nontrivial class. It is well 
known that R, = 1. By (30) and (31), we derive 
* 4-W Wid log 4kid 
- $ nki / x6 1 (1 - (g) R;') n (1 - p-“) 1 < 2c, . 
1 fllh 
* Assume that c = 4.f) = (a + b t/J)/2 (a, b E 2). Assume that N(C) = +I. Then 
Q - c-l = b +‘j-> l.Thw,c + c-1 = ((c - d* + 4Y* > dS,so that e 2 (1 + o/2. 
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Therefore, by the same reasoning as used to derive (33), we can derive 
from (34) the estimate 
< ~4 I ti I (i = 1,2, j d j > 106), 
where c, = 106. Thus, 
ai < G I 4 I (i = 2,4, 1 d 1 > lOe), 
where c, = 2 x 1016. Combining (33) and (39, we derive 
LEMMA 5.7. Assume that I d I > 10s. Then 
ai < CsI ddl (1 < i < 4), 
where c, = 2 x 10la. 
Let us set 
H= c.51 d/dI, 
&L. 
4OOc, 
By Proposition 5.5, we see that if I d I > 106, then 
(35) 
(36) 
and 
lajl <H (1 d j < 4). 
Let E > 0 be given. By the Conjecture, 
(37) 
H < C logl+EA, (38) 
where A = max{A, ,..., A,, 4) and C denotes an effectively computable 
constant, depending only on E. Henceforth, we will denote by c, , c, ,..., 
effectively computable constants depending only on z. 
By the definition of H and Lemma 5.6, we see that 
I ti I G c6q1/2(1+c) logl+c(lOOq) + c, . 
Since I d I = pq, (39) implies 
(39) 
LEMMA 5.8. Either q d c, or ti5 < q2c. 
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Proof of Theorem 5.1. Baker [3] has shown how to effectively deter- 
mine all imaginary quadratic fields of class number 2 and even discrimi- 
nant. Thus, without loss of generality, assume that d is odd. Simple 
ramification considerations then show that if p (resp. q) is a prime divisor 
of p (resp. q) in K, then p (resp. q) is a nonprincipal ideal. Thus, if OK 
denotes the ring of integers of K, a complete system of representatives of 
the ideal classes of K is given by (8, , p} or {D,, , q}. Thus, by passing 
from ideals to quadratic forms, we see that it is possible to construct 
systems {Fi}i=,,, such that3 either 
R, = 1, R, =p (40) 
or 
R,= 1, R,=q. (40’) 
In order to prove Theorem 5.1, we consider two cases: 
Case I: Vj < q2( and q > c8 . In this case, let us use Stark’s for- 
mula (27) with a system of forms {F&,,, satisfying (40), to get 
h(kjd) h&j) log 4kj) = f nkj I v”d I (1 + ($) p-l) p;s (1 - p-3 
+ c f BvenioSifkjRi 
(j= L2h (41) 
where 
By using Baker’s estimate (28), we see that 
f ByeniuSilkjRi j  < 2k,vri(l - .Q2 (j = 1,2; i = 0, l), 
v=-co 
V#O 
(42) 
where 
qoj = e-~l~~lPkr, 
3 Previously, the system of forms [F] was chosen to be reduced. We will no longer 
make this restriction. Of course, (26) no longer holds, necessarily; however, (27) is 
still valid and will be used in the present portion of the argument. 
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Since dij < q2c, 
vii < exp ( 
- & qt-.) (j = 1,2; i = 0, 1). (43) 
By choosing c, sufficiently large, we may assume that 7ii < l/2, so that 
by (42) and (43), we have 
1 T .g, B,,eSivSi’kjRi 1 < exp{-c9q**) (j = 1, 2). 
t V#O 
Therefore, 
/ h(kjd) h(kj) log I - A nkj 1 z/d / (1 + (%) p-l) n (1 
W=j 
< exp{-c,qf-c} (j = 1,2). 
Thus 
where 
I v1 log 4W + v2 1% 4k2)l < P exp{--c,oqt-% 
“1 = lWC(k,) h(k) NW) [P + ($)], 
“2 = - 12k,2C(kl) W,) W,4 [P + ($)I. 
- 
(44) 
p-7 
(45) 
(46) 
(47) 
(48) 
However, since z/i; -=c q26, by making cg sufficiently large, we can guarantee 
that 
P exp{ - cl09 +-•E} < exp{ -cc,,q t--E}. 
Therefore, from (46), we deduce 
I v1 log 4kl) + v2 log c(k,)l < exp{-cc,,qt-C}. 
By Lemma 5.7, (47), (48), and by possibly enlarging c- , we see that 
I”iI <c12p*I Q 
< C12qf+6c (i = 1, 2) (49) 
By Lemma 5.4, (2), the heights of l (k,) and l (k,) are at most 103. Therefore, 
by the version [l] of Baker’s theorem on linear forms in logarithms of 
algebraic numbers, applied to the form 
“1 log 4kJ + ~2 log 4% 
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we see that 
Therefore, since l/r; < q2r, we see that in Case I, 
I dl d ~14. 
CaseII: q<c-: In this case, we use Stark’s formula (27) with 
a system of forms {F~}+,, satisfying (40’). Reasoning exactly as in Case I, 
we get that 
where 
I vl* log 45) + v2* log G2)l -c exp{--cl,p1/2), 
VI* = 12k12C(k2)h(kl)h(kld) [q + ($)I, 
v2* = 12k22C(kl) W,) W,d) [q + (+)]. 
However, by Lemma 5.7 and the assumption q < c, , we see that 
I vi* I d Cl, I 4 I 
G Cl7 I di I (i = 1, 2). 
Thus, reasoning as in Case I, we deduce. 
P G Cl, 
* I dl < ~1s 
since q < c, . This completes the proof of Theorem 5.1. 1 
A&fed in proof. Shortly after the submission of this paper, the author learned from 
Allan Baker that Baker and Stark had simultaneously solved the class number 2 
problem using an approach similar to that outlined in this paper. They actually prove 
a weak form of the conjecture cited here, where they allow H to be the height only of 
a,, and where C may depend on the heights of (Ye ,..., ‘yn-r . The stronger conjecture is 
still of some interest, since from it would follow the effective classifkation of all imagin- 
ary quadratic fields of class number 2’ in which every genus has one class. The proof 
is a simple modification of the argument presented here. Baker and Stark’s works have 
since appeared in Amls of Math. 94 (1971), 139-152, 153-173, 190-199. Since then, 
Stark has recently proven that if Q(dii) (d < 0) has class number 2, then 1 d 1 < 427. 
This settles the class number 2 problem completely. Stark’s paper is due to appear 
shortly. 
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